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Abstract. An abstract scheme using particular types of relations on 
niters leads to general unifying results on stability under supremum 
and product of local topological properties. We present applications for 
Frechetness, strong Frechetness, countable tightness and countable fan- 
tightness, some of which recover or refine classical results, some of which 
are new. The reader may find other applications as well. 



1. Introduction 



A large number of topological properties fail to be stable under (even 
finite) product or even by supremum of topologies. Among such properties 
are a lot of fundamental local topological features such as Frechetness, strong 
Frechetness, countable tightness and countable fan-tightness, to cite a few 
(see the next section for definitions). Consequently, the quest for conditions 
ON \ on the factor spaces to ensure that the product space has the desired local 

2 ' property has attracted a lot of attention, e.g., pQ, [S], E3> HH, E3, ES, 

[22], [23], HU, H>1, [27], HE], US, EDI, EH, EH, OH, Q! for Frechetness 
and strong Frechetness alone; P, [3], [2J, [5], [5], [25], [H] for tightness and 
fan-tightness. 

In this paper, we propose a unified approach to this class of problems, 
obtaining as byproducts of our theory both refinements and generalizations 
of known results and entirely new theorems. More specifically, we are inter- 
ested in the following type of problem: Let (V) and (Q) be local topological 
5_i ■ properties. 

Question 1. Characterize topological spaces X such that X xY has prop- 
erty (Q) for every space Y with property (V). 

In most cases, investigations have been restricted to (V) = (Q). 
The first crucial observation is that if V and Q are local topological prop- 
erties, they are characterized by a property of the neighborhood filters. Of 
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course, the property is not stable under product because the corresponding 
class of filters is not. The second crucial observation is that, even if these 
classes of filters behave badly with respect to the product operation, they 
are almost always defined via other better behaved classes of filters. For in- 
stance, a topological space is Frechet if whenever a point x is in the closure 
of a subset A, there exists a sequence (equivalently a countably based filter) 
on A that converges to x. 

If A C X, then the principal filter of A is A T = {B C X : A C B}. 
Similarly, if A C 2 X , we denote A^ the family of subsets of X that contains 
an element of A. However, we will often identify subsets of X with their 
principal filters, that is, A^ is often simply denoted A. Two collections of 
sets T and Q mesh, in symbol Tj^Q, if FPiG ^ for every F £ T and every 
G G Q. The supremum T V Q of two collections of sets T and Q exists when 
T j^Q and stands for the collection of intersections {FnG: F G T and G £ 
Q}. However, when T and Q are filters we will understand J- V to be the 
filter (JF V Qy generated by the collection of intersections. 

With these notations, the definition of Frechetness in terms of closure 
rephrases in terms of neighborhood filter as follows: T is a Frechet filter (a 
filter of neighborhood in a Frechet space) if whenever A# J 7 , there exists a 
countably based filter (equivalently, a sequence) L which is finer than AV T. 
This definition depends on the class Fi of principal filters and on the class 
F w of countably based filters, which are both productive. 

We will take an approach based on relations between filters. For example, 
we consider the relation A on the set F(X) of filters on X defined by T A TL 
if 

a filter is Frechet if and only if it is in the A-relation with every principal 
filter. In other words the class of Frechet filters is F^ |21| . [5j where we 
denote by J* the filters that are in the ^-relation with every filter of the 
class J. 

Under mild conditions on J and on relations * and □, we characterize 
filters whose supremum (in section 3) and whose product (section 4) with 
a filter of the class J or J* is a filter of J* or iP. The quests for stabil- 
ity under supremum and under product turn out to be intimately related 
(section 4). These abstract results leads to a large collection of significant 
concrete corollaries, because most classical local topological properties, like 
Frechetness, can be characterized in terms of neighborhood filters of the 
type J* for classes J and relations * that fulfill the needed conditions. 

In section 4, we show how solutions for the problem of stability under 
product are obtained as an abstractly defined subclass, called kernel, of the 
class of solutions for the problem of stability under supremum. From the 
technical viewpoint, the difficulties (that attracted attention to this type 
of problems for so long) lie in the internal characterization of kernels. In 
section 5, we characterize a variety of such kernels, obtaining as byproducts 
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improvements of classical results as well as entirely new results. Finally, our 
abstract approach allows us to clarify (section 6) the relationships between 
all these properties, improving again upon the known results. 

We present applications related to three relations only, but the theory 
is designed for further applications with other examples of relations and of 
classes of filters. 

2. SUP-COMPATIBLE RELATIONS ON ¥(X). 



Let R denote a relation on a set 
X : (x, y) G R} and if F C X, RF 
X (with respect to R) is 

F R ._ 

with the convention that R = X. 
nitions is that 



X (R C X x X). As usual, Rx = {y G 
= Uigf The P°l ar °f a subset F of 

= n Rx > 

An immediate consequence of the defi- 



Lemma 2. If R is a symmetric relation on X and F C X, then 

(1) F C F RR ; 

( 2 ) pRRR = F R_ 

Moreover, if F C F R then F C F ffl C F R . 

The symbol -> denotes negation. For instance, x{-^R)y means that (x, y) £ 

R. 

The set of filters on a given set X is denoted by ¥(X). A symmetric 
relation * on ¥(X) for which J- * Q whenever T and Q do not mesh and 
which verifies 

(•) F*(GVH)^ (FVH)*g, 

whenever Q # T and T # TL is called sup- compatible or V- compatible. 

We are going to consider several particular classes of filters. In general J 
and D will denote generic classes of filters. A filter of the class J is a called 
J- filter. The collection of J-filters on X is denoted J(X). However, we will 
often omit X when the underlying set considered is clear. In particular, we 
will frequently consider the classes Fj and F w of principal and countably 
based filters, respectively. 

Example 3. The relation A on ¥(X) defined by F A H if 

(1) H # T => 3L G F w : L > ^ V H, 

is a V-compatible relation. Then F^ is the class of Frechet filters |21| . 
As noticed in the introduction, a topological space is Frechet if and only if 
all its neighborhood filters are Frechet. 

Analogously, F^ is the class of strongly Frechet filters [2^, that is, 
of filters T satisfying Q for every countably based filter Tt. Recall that 
a topological space X is strongly Frechet if for every x G X and every 
decreasing countable collection A n C X such that x G c\{A n ) for every n, 
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there exists a sequence x n G A n that converges to x. It is easy to see that 
a topological space is strongly Frechet if and only if all its neighborhood 
filters are strongly Frechet. 

Example 4. Consider the relation <C> on ¥(X) defined by T§H if 

H#T^ 3A e Fi, \A\ < u : A # T V H. 

This is a V-compatible relation. Then F^ is the class of countably tight 
filters. Recall that a topological space X is countably tight if for every 
x G X and A C X such that x G cl(A), there exists a countable subset 
B C A such that x G cl(-B). It is easy to see that a space X is countably 
tight if and only if all its neighborhood filters are countably tight. 

Example 5. A topological space is countably fan-tight 2 if for every count- 
able family (^4„) w of subsets such that x G f] nGuJ cl(A n ) , there exists finite 
subsets B n of A n such that x G cl((J ne£J B n ). 

We call a filter T countably fan-tight if whenever A n # J 7 , there exists fi- 
nite subsets B n of A n such that \J neuJ B n # F. It was observed in [21 Remark 
1] that the definition of fan-tightness is unchanged if we only consider de- 
creasing countable collections (An)^. Clearly, a space is countably fan-tight 
if and only if all its neighborhood filters are countably fan-tight. Consider 
the relation f on ¥(X) defined by F f H if 

(U#(fVH) 3B n C An,\B n \ <u,(\J B n )# TMH. 

This is a V-compatible relation. By Remark 1], T\H if for any decreasing 
countable filter base (An)^ meshing with T V 7i, there exists finite sets 
B n C A n such that (U„, ew B„) # -F V W. 

Lemma 6. T/ie following are equivalent: 

(1) .F is countably fan tight; 

(2) {Ek}k&uiH z J~ , then there exist finite sets B^ C F*. swc/i t/wtf {Un<fc ^fc) 
■•/"•• 

(3) // {^fcjfceaj is a decreasing countable filter base and {Ek}keu) # -Fj 
then there exist finite sets B k C Ek such that {IJn<fc Ek}neu # -F/ 

(4) F G Fi; 

(5) fe F{. 

Proof. =^ @- Fix n G a;. Since E^j^T for all > n, there exist finite 
sets {5£} fc >„ such that 5£ C F fe and (U k >n B k) # jr - For evei T & G w let 

= Ufc>n Bfr- Notice Bk C F^ and is finite for every k G Let n G w 
and F £ J 7 . There is a A; > n such that F n B^ ^ 0. Since k > n, we have 

C 5 fc . Thus, k > n and £ fc nF ^ 0. Therefore, flj n < fe B k )#Tior every 
n G w. 

(EJ) =>• © and Q => © are straightforward. © =>■ CQ) was observed 
in Example El 
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© ==$■ ® follows from :2 S Remark 1]. Indeed, if T is as in ©, ft and A 
are countably based filters with decreasing filter bases (i? n )new an d (^n)new 
respectively, such that (A n ) n #(^V J 7 ), then (A n n H n ) n # J 7 . Therefore, 
there exists finite sets B n C A n n -ff n such that {IJn<fc ^&}neu; # J 7 - Clearly, 
{LUfc ^}n & #(^VH) and .F G Fl . □ 



3. Stability of local properties under supremum 

We call a class J of filters (B,M)- steady if T V ft G M(X) whenever 
J" G J(X) and ft G B(X). If J is (B, JT)-steady we say that J is B-steady. If 
J is J-steady, we simply say that J is steady. By Lemma we only generate 
the two classes J* and J** from a given class J by taking the polars with 
respect to a symmetric relation * on filters. We now investigate stability 
relationships between these classes under supremum. To begin notice that 
an immediate consequence of the definitions is that a class of filters J is 
(D,M)- steady if and only if B is (I, M)- steady. 

Proposition 7. If J is a B-steady class of filters, and if * and □ are V- 

compatible relations, then J* and J* 1 - 1 are both B-steady. 

Proof. Let T G J*(X) and ft G B(X) such that T # ft. We want to show 
that .F V ft G J*. Let L be a J-filter such that L # T V ft. As J is B-steady, 
L V ft G J. Thus, f*(LVW) because .F G J*. By (•), (.FVft)*L. Hence, 
J 7 V ft G J*. 

Let J" G J* D (A) and ft G B(X) such that .F# ft. We want to show that 
T V ft G J* D . Let L be a J*-filter such that L # JF V ft. As we have proved 
that J* is B-steady, L V ft G J*. Thus, -FD(L V ft) because T G J* D . By 
(•), [T V ft)DL. Hence, .F V ft G J* D . □ 

Corollary 8. If § is a steady class of filters and ★ and □ are V -compatible 
relations, then J* is (J* , J^-sieady. In particular, J* is I** -steady. 

Proof. Let JF G J*(X) and ft G J* D (X) such that T #H. We want to show 
that .FVft G J d . Let L be a J-filter such that L#fVH. As J* D is J-steady, 
L V ft G J* D , so that (L V ft)QF. By (•), (T V ft)DL. □ 

Corollary 9. If § is a steady class of filters and *, □, and y are V- 

compatible relations, then J 1 -^ is (J* D , J* v ) -steady. In particular, J** is 
steady. 

Proof. Let JF G J° V (X) and ft G J* D (X) such that T # ft. We want to 
show that JF V ft G J* v . Let L be a J*-filter such that L # JF V ft. As J* is 
(J* D ,J n )-steady, LVft G J D , so that (LVft) y.F. By (•), (JF Vft) yL. □ 

Theorem 10. Lei * and □ 6e too V ' -compatible relations on ¥(X) and let 
J be a steady class of filters containing Fj. 
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:FgJJ* vgGJJ,£#^^.Fv£GF* 

(2) 

.FgJJ* V6er,6#J^ JveeF D 

<=> V£ € J*, G # Jp" => v g e Ff D 
vg eT,g#F^ FvGef 1 

Proo/. We show ©. If J 17 G JJ* then 

vg g jj**, g # ;r =^ fvgej* 

because J* is JJ**-steady, by Corollary |SJ The two other direct implications 
follow from Fi C JJ C J** (the last inclusion comes from Lemma |2J. 

Conversely if T £ 3*(X), then there exists g G JJ(X) such that T{-tk)G, or 
in other words, F(-*)(Q\/X). Therefore (7V5)(n*)X, so that (.FVg) ^ F*. 

We show ©. Let T G JJ* D and Q G JJ*. Let W G JJ** and W # {T V 0). 
Since H#G,we have, by Corollary H W V £ G J*. So, ^D(7i V £). By (•), 
{F V So, .P V G G JJ** D . By the containments JJ** D C JT D C F° and 

c F** D C Ff , G JJ* D implies any of the first three statements on 
the right and each of the first three statements on the right implies the last 
statement on the right. 

Conversely, assume that T £ JJ* D . Then, there exists fi G J* such that 
H # T but H{-U)T. By (•), H V X{-U)T and P V H{-U)X. Thus, 
PVH^F?. □ 

A topological space is called JJ- based if all its neighborhood filters are 
JJ-filters. For instance, the J-based spaces are respectively the finitely gen- 
erated [2U] [23], first-countable, Frechet, strongly Frechet, countably tight, 
countably fan-tight spaces, when JJ is the class Fi, F^, F^, F^ , F^ and F\ re- 
spectively. We say that a class JJ of filters is called pointable if PA{x} G JJ(X) 
whenever P G 3{X\ for every set X and every x £ X. 

Corollary 11. Let *, \/, and □ be V -compatible relations on filters. Let JJ 
be a pointable and steady class containing ¥\ . 

(1) Each of the following statements are equivalent: 

(a) (X,t) is JJ* -based, 

(b) (X, tVQ is JJ* -based for every JJ** -based topology £ on X , 

(c) (X, t V £) is JJ* -based for every 3-based topology £ on X, 

(d) (X, t V £) is F*-£>ased /or every 3-based topology £ on X. 

(2) If JJ* is pointable then the following are equivalent: 

(a) (X, t) is T U -based, 

(b) {X, t V £) is JJ** D -&ase(f /or even/ J* -based topology £ on X, 
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(c) (X, t V £) is Ff u -based for every J* -based topology £ on X, 

(d) (I,tV?) is I D -based for every I* -based topology £ on X, 

(e) (X, rV() is F^-ktsed /or ewer?/ J* -based topology £ on X . 

(3) // (X,r) is J Dv -6ased ; i/ien (X,r V is J* v -&ased /or every J* D - 
frased topology £ on X. 

Proof. (|laj) ==^ (|lbj) follows immediately from Theorem 1101 (|lb|) ==>■ (|lc|) 
=>> (H3|) follows from J C J** and J* C (because Fi C J). 

(|Td|) By way of contradiction, assuming that (X, t) is not J*- 

based, there exists x G X such that M T (x) ^ J*. In view of the first part of 
Theorem ITUl there exists Q G J such that # M T (x) and A/" T (x) V £ ^ Ff. 
Let £ be the topology on X with all points but x isolated with A/g(x) = 
Q A (x). The space (X, £) is JJ-based because J is pointable. So, by ()ld|) . 
M r {x) V (£/ A (x)) = MrM^ix) G F*. We consider two cases. 

If x $ f]G, then (M T (x) V (0 A (x))) # (X \ {x}) and Q = (Q A (x)) V 
(X \ {x}). So, (M T (x) V (£ A (x))) * (X \ {x}). Since * is V-compatible, 
jV r (x) * (((£ A (x)) V (X \ {x})). Thus, A/" T (x) * g, a contradiction. 

If x G Pi £/, then Q A (x) = £/. In this case we have N T {x) V <7 G F^ and 
A/" T (x) # Q. Since (7V r (x) V £) # X, (A/" T (x) V £)*X. By the V-compatibility 
of *, A/" r * (£/ V X). Thus, 7V T (x) *G, a contradiction. 

Therefore, (X, r) is J*-based. 

The second part is proved in a similar way. 

The third part follows from Corollary 

□ 

A class J of filters is called ¥\- compos able if the image of a J-filter under 
a relation is a J-filter. 

Lemma 12. (1) Fi, F WJ Ff , pj, Ff , F^ are all Fi-composable. 
(2) an ¥i-composable class is pointable. 

Proof. For brevity we only show that f| is Fi-composable, the other cases 
are similar and more straightforward. Let F G F[(X), Y be a set and F C 
XxY. Supposed CY and {An) u #{B\/RF). Since R~ (A^^ftiTV R- B), 
there exist finite sets FJ n C R~A n such that (LL-^™) # (F V RrB). For 
each n pick a finite J n C A n n F such that FJ n C R~ J n . Let F G T. There 
is an n such that K n n F ^ 0. Since F n C FJ n , FJ n # F. So, J n D RF ^ 0. 
Thus, (|J W Jn) # V FF) and FF f F. 

For the second part consider the relation F = {(x, x) : x G X}U (X x {p}). 
Then F A (p) = FF. □ 

We call a filter F almost principal if there exists Fd G F such that \Fq \ 
F\ < u for every F G F. Principal filters and cofinite filters (of an infinite 
set) are almost principal. We use the same name for spaces based in such 
filters. Such spaces include sequences and one point compactifications of 
discrete sets. It is easily verified that every almost principal filter is Frechet. 
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If Ti G F(X), we denote by TC' the principal part f]TC of TC and by TC° 
the free part TC V (TC') C . One or the other may be the degenerate filter {0}^ . 
With the convention, that Q A {0}^ = Q for any filter Q, we have 

H = TC° A TC'. 

Theorem 13. F AA is exactly the class of almost principal filters. 

Proof. Let T be an almost principal filter and let TC ff J- be a Frechet filter. 
There exists F G ^ such that |F \ F| < w for every F eT. If H*(^#)J r , 
then 7Y° # J 7 . In particular, TC° # -Fo- So, there exists a free sequence finer 
than WVfo! by Frechetness of TC. This sequence is also finer than J 7 , hence 
finer than Ty TC. 

If TC' # then since "7-" is Frechet, there is a sequence finer than TL'V J- > 
TLV T. Thus, J* 7 G F AA . 

Conversely, if T is not almost principal, then for all F G T there exists 
Hp G T such that \F \ Hp\ > oj. Therefore, there exists a free sequence 
(Xn)n on F \ Hp- The filter f\ F £jr( x n )n is a Frechet filter meshing with 
T . If {y n )n is finer than J 7 , then for every F G J 7 , there exists /cf such 
that {y n : n > A;^} C .ffp. Therefore, there exists np such that {x^ : n > 
h f} H {y n : n G = 0. The set U^e^l^n : n — np } ls an e l emen t of 
t\F&r^ x n)n disjoint from {y n : n G a;}. Thus, T ^ F AA . □ 

When -k = □ = A and J = Fx , Corollary ^2 rephrases as 

Corollary 14. (1) T/ie following are equivalent: 

(a) (X, r) is Frechet; 

(b) (X, r V £) is Frechet for every finitely generated topology £ on 

(c) (X, rV() is Frechet for every almost principal topology £ on X ; 
(2) The following are equivalent: 

(a) (X, t) is almost principal; 

(b) (X, t V £) is Frechet for every Frechet topology £ on X . 

No general condition was known to ensure that the supremum of two 
Frechet topology is Frechet, as noticed for instance in [7j, HI- 

Recall that F A is the class of strongly Frechet filters (or of neighborhood 
filters of strongly Frechet spaces). We call productively Frechet |17j the 
filters from the class F AA and we use the same name for spaces based in 
such filters. When * = □ = A and J = W u , Corollary 1111 rephrases as 

Corollary 15. (1) The following are equivalent: 

(a) (X, t) is strongly Frechet; 

(b) (X, t V £) is Frechet for every first- countable topology £ on X; 

(c) (X, t V £) is strongly Frechet for every first- countable topology 
£ on X; 

(d) (X, rV£) is strongly Frechet for every productively Frechet topol- 
ogy £ on X; 
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(2) The following are equivalent: 

(a) (X, t) is productively Frechet; 

(b) (X, tV£) is Frechet for every strongly Frechet topology £ on X; 

(c) (X, t V £) is strongly Frechet for every strongly Frechet topology 
i onX. 

Consider JJ = Fx and ★ = <X We call steadily countably tight niters of 

Ff° and we use the same name for spaces based in such filters. Notice that 

F = F o 

Corollary 16. (1) TTie following are equivalent: 

(a) (X, r) is countably tight; 

(b) (X, rVQ is countably tight for every finitely generated topology 
£ on X; 

(c) (X, rV() is countably tight for every countably based topology 
£ on X; 

(d) (X, r V £) is countably tight for every steadily countably tight 
topology £ on X; 

(2) T/ie following are equivalent: 

(a) (X, r) is steadily countably tight; 

(b) (X, t V £) is countably tight for every countably tight topology £ 
on X. 

Consider J = Fx and * = f. We call steadily countably fan-tight filters of 
F| f and we use the same name for spaces based in such filters. Recall from 
Lemma El that w{ = f£. 

Corollary 17. (1) TTie following are equivalent: 

(a) (X, r) is countably fan-tight; 

(b) (X, tV£) is countably fan-tight for every finitely generated topol- 
ogy £ on X; 

(c) (X, t V£) is countably fan-tight for every countably based topol- 
ogy £ on X; 

(d) (X, tV£) is countably fan-tight for every steadily countably fan- 
tight topology £ on X; 

(2) T/ie following are equivalent: 

(a) (X, r) is steadily countably fan-tight; 

(b) (X, r V £) is countably fan-tight for every countably fan-tight 
topology £ on X. 

To our knowledge, no general conditions ensuring that the supremum of 
two countably (fan) tight topologies is countably (fan) tight (as in Corollaries 
1161 and IT7|) was known. 

As a sample example of what one may get from Corollary 1111 bv mixing 
relations we let J = F w , * = A, □ = f, y = <>• 

Corollary 18. (1) The following are equivalent: 
(a) (X, r) is based in ; 
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(b) (A, t V f ) is based in F AAt for every strongly Frechet topology 
£ on X; 

(c) (X, tVQ is 6ased in F AA ^ for every strongly Frechet topology 
£ on X; 

(d) (X,rV^) is countably fan tight for every strongly Frechet topol- 
ogy £ onl; 

(2) If (X, t) is based in then (X,t V £) is frased in F A< ^ for every 
-based topology £ on X . 

4. From steady to composable 

If J- is a filter on a set X, Q is a filter on a set Y and 7^ is a filter on 
X x Y such that F xY #H and X x g #H, we denote by "HJ^ the filter on 

Y generated by the sets 

HF={y :3xeF,(x,y) £i/}, 

for H £ Ti and F ^ T and by the filter on X generated by the sets 

£TG = {x : 3y G G, (x,y) € H], 

for H G H and G G Q. Notice that 

H#(TxQ) HT#Q F #H~Q. 

A class J of filters is (B, M)-composa6/e if for every X and Y and every 
JJ-filter f onl and every B filter H on X x Y, the filter HT is an M-filter 
on Y. A class J is called B- composable (H2, if it is (B, J)-composable. 
We say that a class of filters J is projectable provided that for every X and 

Y and every J-filter T on X x Y we have tty(T) G J. Obviously, every 
Fi-composable class of filters is projectable. 

Given a class of filters J, we define the kernel of JT (ker(J)) to be the class 
of (Fi, J)-composable filters. Notice that ker(Jf) is the largest Fi-composable 
subclass of J. 

Lemma 19. 7/B is an ¥\- composable class of filters, then B is ¥\-steady, 
and T> x A G B for every T> G B and every principal filter A. 

Proof. Let A C A and ^ G B(A) be such that T # A Since A A = 
{(x, Fi(A x A) and B is Fi-composable, 4 V J" = A^J^ 7 G B. 

Now, if P G B(A) and A C Y, then Pxi = vr^D V vr y A G B because 
we already have shown that B is Fi-steady. □ 

Theorem 20. (1) Let M be an ¥\-steady and projectable class. If J x 
V G M for every J G J and every PeD, then J is (B, M)- steady. 

(2) Lei M 6e projectable and J &e ¥\-composable. If J is (B, M) -steady 
then J is (B, Wl)-composable. 

(3) Lei B 6e an ¥\-composable class. If Si is (B,M) -composable, then 
JxD£M /or every J" G J and every V G B. 
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(4) Let M be an ¥\- steady and projectable class. If either B or J is ¥±- 
composable then J x T> E M for every J G J and every P £ B 1/ 
and on/y if J xT> £ ker(M) /or every J G J and every Del. 

Proo/. Proof of ©. Let D G B(X) and J G J(X) such that V#J. Then 
P x J G M(X x X). Let A be the diagonal of X x X. As M is Fi- 
steady, (Px J)vAe M(X x X). As M is projectable, the X-projection 
of (D x J) V A is an M-filter. We conclude with the observation that 
7T X ((V x J) V A) = P> V J. 

Proof of ©. Let J" G JJ(X) and let W G B(X x F). The filter J x Y is a 
J-filter because J is Fi-composable. Therefore (J7 x Y) V TL is an M-filter. 
As M is projectable, Try {(J x Y) V H) G M(Y). We conclude with the 
observation that H(J) = 7T Y ((J xF)VW). 

Proof of ©. Let J G J(X) and V G B(Y). Let A x be the diagonal of 
X x X, and consider the filter Ax x T> as a filter of relations from X to 
X x Y, that is, a filter on X x (X x Y). This is a B-filter by Lemma IT9| 
because B is Fi-composable. Moreover, J x V = (Ax x D)(J r ), so that 
J x V G M(X x Y). 

Proof of |1 Let J G JJ(X), V G B(Y) and A C X x Y x Z. We want 
to show that A(J x V) G M(Z). If either B or J is Fi-composable, then 
either J x Z G JJ(X x Z) or V x Z G B(Y x Z). In any case, J x V x Z G 
M(X x Y x Z). Moreover, tt z (A V {J x V x Z)) G M(Z) because M is 
both Fi-steady and projectable. We conclude with the observation that 
A(J x V) =TT Z (Ay {J x V x Z)). □ 

The following diagram summarizes these relationships between stability 
under product, composability and steadiness. Notice that ker(M) is Fi- 
composable, hence Fi-steady and projectable. 



B x J 



C M 




M projectable 
J is Fi-composable 



M is Fi-steady and projectable 
D or JJ is Fi-composable 



B x J c ker(M 




Corollary 21. Let J and B be two Fi-composable classes of filters, and M 
be an ¥\-steady projectable class of filters. The following are equivalent: 
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(1) J is (B,M)-composable; 

(2) J is (B,ker(M))-composable; 

(3) J is (B, ker(M)) -steady; 

(4) J is (B,U)-steady; 

(5) (T x £) G ker(M) whenever L E D and J 7 G J; 

(6) (f x i) G M whenever £sD and f G J. 

In particular, F w , F A , F AA are all Fi-composable, so that steady and 
composable are the same for these classes. Therefore, Corollary 1151 combines 
with Corollary 1211 to the effect that 

Proposition 22. |22| |17j The following are equivalent: 

(1) X is strongly Frechet; 

(2) X x Y is strongly Frechet for every productively Frechet space Y ; 

(3) X xY is Frechet for every first- countable space Y. 

and 

Proposition 23. |17j X is productively Frechet if and only if X x Y is 
Frechet (equivalently strongly Frechet) for every strongly Frechet space Y. 

This last result solves an old open question. See jTTj for details. 
Analogously, F A (the class of Frechet filters) is Fi-composable. From 
Theorem EH applied with * = A and JJ = Fi we get 

Proposition 24. 23 A topological space is Frechet if and only if its product 
with every finitely generated space is Frechet. 

The classes Fi, ¥ w , and F^, and Ff are Fi-composable, so that steady 
and composable are the same for these classes. Therefore, Corollary llfil and 
Corollary 1171 combine with Corollary 1211 to the effect that: 

Proposition 25. X is countably tight if and only if X x Y is countably 
tight for every countably based Y . 

and 

Proposition 26. X is countably fan tight if and only if X xY is countably 
fan tight for every countably based space Y. 

In contrast, we will see that the classes F^, F^, Fj , and F AA are 
not Fi-composable ( 1 ). Hence, to investigate stability under product of the 
associated properties, we need to introduce more machinery. 

A V-compatible relation on filters (that is, defined on ¥(X) for any set 
X) is x- compatible provided that 

(••) (f x5)*i^ Q -k AT. 

The proof of the following lemma is left to the reader. 

1 We do not know if , and F| f are Fx-composable. 



COMPATIBLE RELATIONS 



13 



Lemma 27. A, {> and f are all x -compatible. 

Lemma 28. If J is an¥\-composable class of filters and* is a x -compatible 
relation, then I* is¥\-steady and protectable. 

Proof. The fact that J* is Fi-steady follows from Proposition [7| Let T G 
x Y) and G J(y). Since I x 5 G J(X x F), (X x5)*f. Since * is 
x -compatible, TX*Q. However, .FX = 7ry(jF). Thus, 7iy(.F) G J*. □ 

Theorem 29. Lei J 6e a steady Fi-composable class of filters containing 
Fx, and Zet *, □, and V ^ e ^-compatible relations. 

(1) TTie following are equivalent: 

(a) F G ker(J*); 

(b) (fx5)£ ker(J*) /or every G ker(J**); 

(c) (fx5)£ J* for every Q G J; 

(d) (T x 0) G FJ /or every 5gJ. 

(2) If J* zs Fi- compos able and contains ¥\, then the following are equiv- 
alent: 

(a) T G ker(J* D ); 

(b) (T x g) G ker((ker(J**)) D ) /or every £ G J*; 

(c) (T x £) G J D /or every (/ G J*; 

(d) (T x g) G F? /or every £/ G J*. 

(3) Lei J* 5e an Fi- compos able class of filters. If J 7 € ker(J v ' = ') then 
(T x Q) G ker(J* D ) /or every G ker(J*V). 

Proof. We prove 

(la) => (lb). By Theorem EH (1), T V £ G J* for every £ G J**, hence 
in particular for every Q G ker(J**). Since J is Fi-composable, Lemma l28l 
applies to the effect that J* is Fi-steady and projectable. Moreover, ker(J*) 
and ker(JT**) are Fi-composable by definition. In view of Corollary 1211 (lb) 
follows. 

(lb) => (lc) because J C ker(J**) and ker(J*) C J*. Similarly, (lc) 
(Id) because F C ¥*. 

(Id) => (la). Let A C X x Y. We want to show that AT G J*. If 
Q G J(Y) meshes with AT then A # (T x 0). But T y. G £ F*, so that 
(fx?)* A. By (••), we have £ * AT 7 , so that AT 7 G J*. 

(2a) ==>- (2b) is proved from Theorem I1UI (2). combined with Lemma l2"51 
and Corollary HI] as (la) => (lb). (2b) =► (2c) => (2d) follows from 
inclusions among the classes of filters considered and (2d) ==>■ (2a) follows 
from (••). 

Finally (J3J) follows in a similar way from Corollary |UJ □ 

In the very same way that we deduced Corollary 1 1 1 1 from Theorem EH we 
deduce the following from Theorem 1291 

Corollary 30. Let J be a steady ¥\-composable class containing ¥\ and let 
■k and □ be two x -compatible relations. 
(1) The following are equivalent: 
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(a) X is ker (J*)- based; 

(b) X xY is ker (J*) -based for every ker (I**) -based Y; 

(c) X xY is J* -based for every S-based Y ; 

(d) X x Y is F\-based for every J -based Y . 

(2) J/J* is Fi-compo sable and contains Fi, then the following are equiv- 
alent: 

(a) X is ker (J* D ) -based; 

(b) X xY is ker ( (ker ( J**) ) u )-based for every J* -based Y ; 

(c) 1x7 is J^-based for every J*-based Y ; 

(d) Ixy is F^-basedfor every J* -based Y . 

(3) /f J* is F\- compos able and contains F\, and if X is ker(J v '-')-6ased ; 
then X x Y is ker -based for every ker(J* v )-&ase<i V. 

5. Characterizations of kernels 

Now the missing point to apply the previous results to theorems of sta- 
bility of local topological properties like tightness or fan-tightness under 
product is to characterize kernels of the corresponding classes of filters. 

Theorem 31. 

ker(F AA ) = Fi. 

Proof. Fi C ker(F AA ) is clear. Conversely, if X is a set and T £ Fi(X), then 
for every F £ J 7 , there exists Hp € T and xf € F\Hp- Let Y be an infinite 
set. Then T x Y is not an almost principal filter because the sets {xf} X y 
are infinite. By TheoremCHl T x Y $ F A A , and ^ £ ker(F A A ). □ 

As a consequence, we obtain the dual statement to Proposition 1241 

Corollary 32. [23] ^4 topological space is finitely generated if and only if its 
product with every Frechet space is Frechet. 

5.1. ^-tightness, productive K-tightness, tight points, and absolute 
countable tightness. For our discussion of kernels for tightness we con- 
sider the following relation. Let k be an infinite cardinal and define the 
relation $ K on F(X) by T<) K U if 

Hj^T ==> 3A e Fi, \A\ < k : A # T V H. 

This is a V-compatible and x-compatible relation. F^ K is the class of it- 
tight filters. Recall that a topological space X has tightness k if for every 
x € X and ACJ such that x £ cl A, there exists a subset -B C yl such that 
\B\ < k and re € clS. It is easy to see that a space X has K-tightness if and 
only if all its neighborhood filters are K-tight. 

Now we give a general result for kernels of ^-polars for classes of filters 
satisfying certain conditions. 

Let / and J be sets. A function 7 : / x J—t2 x is called a presentation 
on X. We define 
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If Q is a filter on X and Q = 7*, then we say that 7 is a presentation of Q. 
Of course, if 7* is a filter, then 7 is a presentation of 7*. A presentation 
7 : / x J — > 2"^ is called JT- expandable if the filter 7* defined on 1 x / by 

7* = {{|j7(a,/3)x {«}}:/?£ J}T 

is a JJ-filter onlxJ. Notice that 7* = vrx(7*)- Therefore, if J is projectable 
and 7 : I x 2 X is a JT-expandable presentation on X, then 7* G J(X). 

Theorem 33. Let J 6e an ¥\-composable class of filters included in ¥f K . 
The following are equivalent: 

(1) ^eker(J^); 

(2) T G J^ K and AM T G ker(J^) for all A such that A#T and \A\ < k; 

(3) For any J-expandable presentation 7 : / x J^2 X such that 7* # 
T , there exists a subset C of I of cardinality at most k such that 
{U ae c7(«,/9):/5G J}#F; 

(4) For any J-expandable presentation 7 : T x J ^2 X such that 7* # 
T , where J is a J-filter and each set j(F, J) is a subset of F of 
cardinality at most k, there exists a subfamily K, of T of cardinality 
at most k such that {\Jp e /c J) ■ J £ J} # J~ ' . 

Proof (JTJ => (j2J is obvious. 

(J2J) => ©. Let 7 : / x J — > 2 X be a J-expandable presentation such 
that 7* ^ JT. As T G , there exists A of cardinality at most k such that 
^4#JFV7* or equivalently, J^V Aft'j*. By J-expandability of 7, the filter 7* 
is a J-filter on X x /. Moreover vr^(jr V A) G J^ K (X x I) because JT V A G 
ker(J^ >re ); and ^(J 7 V A) #7*. Thus, there exists a set I? of cardinality at 
most k such that £> # vr^ (.F V A) V 7* . Then {U Qe7rj(D) t(«, /?) : P £ J}#T. 

(|3J) => (@J) i s obvious. 

(0J) =^> ((TJ . Let t4 C AT x y and let Q be a J-filter on Y such that Q#AT. 
For every F £ J 7 , Qj^AF and G so that there exists a subset Bp oi AF 
of cardinality at most k and meshing with Q. For each F £ J 7 , there exists 
a function fp : Bp^F with graph included in A. Consider the function 
7 : JF x Q^2 X defined by 7(F,G) = f F (G n It is a J-expandable 

presentation, because J is Fi-composable and {\Jp G yrj(F, G) x {F} : C7 G 
gy is the image of the J-filter Q under the multivalued map R : Y zz£ X x JF 
with graph : /f(x) = y}. By (@J, there is a subfamily /C of JF 

of cardinality at most k such that {IJfgAC tO^i ^0 : G G <7} # JF. The set 
C = U_FeAC ^ s °^ cardinality at most k and C # Q V AF. 

□ 

Let A(®) be the class of filters than can be represented as the infimum 
of a family of B-filters. 

Corollary 34. If J is an ¥\-composable class included in the class Ff K such 
that J = f\(D) where D contains ¥%, then the following are equivalent: 
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(1) F G ker(J^); 

(2) F G J^ K and AM F G ker(J^ K ) for all A such that AffF and \A\ < k; 

(3) for every family (Q a ) a ei of H>- filters such that /\ aGl G a if J 7 there 
exists JCI such that \ J\ < k and A«ej Qa # F; 

(4) for every family {Q a ) a ^i of B- filters: ifVF G F, 3a G I and Cf ^ 
F: Cf G Q a and \Cf\ < i/ien £/iere exists JCJ suc/i i/iai |J| < k 

and A QG j # T; 

(5) /or every family {Q a )a&i of B>- filters, each of which is either free or 
the principal filter of a set of cardinality at most k: if VF G T , 
3a G I and Cf ^ F: Cf G Q a and \Cf\ < k, £/ien £/iere exists J C 7 
swc/i £/iai | J| < k and AaeJ # •? r - 

Proo/. © <^> © follows from Theorem ESI and © © © by 

definition. 

© ©• Let (Ga)aei be a family of B-filters such that /\ a£l Q a # F. 
Consider the presentation 7 : / x Y\ aeI Q a —* 2 X defined by 7(0, (G^p^i) = 
G a . It is a J-expandable presentation of /\ aeI G a - Indeed, J is Fi-composable 
so that Q a x {a} G J for all a G I, and JI stable by infimum so that 
/\ a£l (G a x { a }) is a J-filter on X x I. In view of Theorem 1331 there exists 
C C I such that \C\ < k and A a eC ^ Q ^ 

© =^ ©• in view of Theorem 1331 we only need to show that for any J- 
filter Q such that QffF and every J-expandable presentation 7 : FxJ'^>2 x 
of Q such that J is a J-filter and each 7(F, J) is a subset of F of cardinality 
at most k, there exists a subfamily K, of J 7 of cardinality at most k such 
that {(Jfgac tC^j ^) • ^ e • Lor such a presentation of Q, define 

for each F G T the filter Jp = j(F,,J). By Fi-composability of J, it is a 
J-filter. As J = A(^)) there exists a B-filter hp > J7p that is either free or 
principal. Indeed, if J F is non degenerate, then it is a ID-filter finer than Jp- 
Otherwise, Jf is free and therefore admits finer free B-filters. /\ Fe:F LFjj z J- 
and each hp contains a subsets a cardinality at most k of F. Therefore, there 
exists a subfamily /C of F of cardinality at most k such that /\fgk Lf # -T 7 - 
Moreover, {UfgK 7(^-0 ■ J £ JY < Nf&k^f < A F eK L F- Therefore, 

5.1.1. Productive K-tightness. 

Corollary 35. The following are equivalent 

(1) F G ker(Ff K<?K ); 

(2) F G F^* and Ay J 7 e ker(Ff K<x ) /or a// ,4 such that AffF and 
\A\ < k; 

(3) /or every collection {Q a : a G /} C Fj* K ; if f\ aeI QaffF, then 3 J C 7 
smc/i £/ia£ I J| < k and /\ a <=j Qa # -P; 

(4) /or every collection {Q a : a G /} C F^ K : i/ V-F G J 7 , 3a G I and 
Cf C F such that Cf G Q a and \Cf\ < k, then 3J C / such that 
\J\<K and A a eJ # F; 
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(5) for every collection {Q a : a G 7} C F^ eac/i o/ which is either free 
or the principal filter of a set of cardinality at most k: ifVF G J 7 , 
3a G 7 and C F snc/i i/tai G £/ a |Cjr | < k, then there exists 
J C 7 suc/i i/iai | J| < k and A Q gj # •^ r - 

Proof. Since F^ K = /\ ^F^ K ^, the corollary is just a restatement of Corol- 
lary El with ID = J = Ff K . □ 

A point x of a topological space X is a productively K-tight point if 
Mx(x) G ker(F£ K< " >K ). A topological space is productively K-tight if all its 
points are productively K-tight. 

The interest of such an explicit description of a kernel lies in its com- 
bination with the corresponding instance of Corollary I3UI In the present 
case, 

Corollary 36. X x Y is K-tight for every K-tight space Y if and only if X 
is productively K-tight. 

Notice that the fourth condition in Corollary 1351 corresponds to the non 
existence of singular families in the sense of Arhangel'skii pQ. Hence, the 
combination of Corollary ESI and Corollary EE! extends the equivalence be- 
tween b) and c) in ^ Theorem 3.6], and provides a shorter proof. Of all 
the conditions of Corollary ESI the third is probably the most straightfor- 
ward and easy to use, but was apparently not known to be equivalent to 
productive K-tightness. 



5.1.2. Tight points. We now characterize ker(F x ). For a cardinal k we let 
S K denote the space obtained as a quotient of K-many mutually disjoint con- 
vergent sequences (4)neaj by identifying their limit points to a single point 
w. S K is endowed with the quotient topology. We denote the neighborhood 
of w by S K . 

Theorem 37. The following are equivalent for a filter on X : 

(1) T G ker(Ff <>); 

(2) T G Ff and TV A G ker(Ff °) for any countable set A meshing 
with T ; 

(3) If /\ a£ j(Xn)n£uj # F , then there exists a countable J C I such that 

(4) If Aae/( x n)n.eu; # ^ , where each sequence (x^) n& , is either free or 
principal, then there exists a countable J C I such that A Q gj( x n)".Go;# 

(5) 7/{^:aG7}CFf and A ae j Ga # F, then there exists a countable 
J C 7 such that f\ aeJ Q a # T; 

(6) T x <S|xw| G F^. 
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Proof. © © © © follows from Corollary El with 

J = F^ and D equal to the class of sequences and the observation that 
Ff = A(B) (e.g., EH). 

(JTJ © follows from Corollary 01 with J = Ff and D = Ff and the 

observation that F^ = /\(F^). 

{J) => p. By Theorem E3 fxgGFf(Ixy) for any Frechet filter 
<5 on any set Y. In particular, J 7 x S\xu\ G F^(X x SW u i). 

© =>. ©. Let {( xjjjngu : Q! G J} be a collection of sequences such 
that (f\ aeI (Xn)n€w) # .F- Let K = [X^l and K = {(xi) neu} : £ G k} be an 
enumeration of the set {(x") n& j : a £ J} possibly with repetitions. Let F C 
I x S K be defined by R = \J^ eK {(xi,, zfi) ■ n G a;}. Notice that R# (F x <S re ). 
By ©, there is a countable set T # (F V (F x «S«)). Let Q = {(£k: (3n € 
w)(x&, 4) € T}. Let Fef. Since T#(fiV(Fx there is £ G Q such 
that 7r^ (F) # ( in, 2n)new So, for some ^ £ Q we have F ^ (xn)new Thus, 
F# AgeQ( x n)n6w and Q is countable. □ 

In [3] the notion of a tight point is introduced. A collection of sets £ is 
said to cluster at a point p provided that for every neighborhood U of x 
there is an F G £ such that U n F is infinite. A point i in a space X is said 
to be fzg/ii provided that for any collection of sets £ that clusters at p one 
can find a countable subcollection £* C £ such that £ * clusters at p. 

Theorem 38. A point p of a space X is tight if and only if J\fx(p) G 
ker(Ff^). 

Proof. Suppose that the neighborhood filter M(p) is in 

ker(Ff °). Let 8 be 

a collection of sets which clusters at p. For each F G Af(p) we can find an 
E F G £ such that E F n F is infinite. Let (x F ) n&UJ be a free sequence on 
E F n F. Clearly, Nip) # Af^x)^)"©*- There exists {F fc : kw}Cf 
such that A/"(p) # AfcGtj( x n fe )™ew- Let £* = {F Ffe : A; G a;}. It is easily verified 
that £* clusters at p. 

Suppose that p is a tight point of X. Let Af(p) # /\ a€ j(x^) n&UJ , where 
each sequence (x^ng^ is either free of principal. In other words, we can 
write M{p) # A/\ aeJ (x%) neul , where A = /\{(x^) n€LU : (x%) neuJ G Fi} and 
every sequence (x") ngw with a G J is free. If A # N(jp), either ^4 jf- Af(p)' 
or A # Af(p)°. In the first case, there is a fixed sequence of the original 
collection whose defining point is in Af(p)° and is therefore finer than Af(p). 
In the second case, A n A is infinite for every N G M(p) and there exists 
a countably infinite set An C A n A. The collection {j4tv : A G M(p)} 
clusters at p. Since p is a tight point, there exists {Ajy k : k G which 
clusters at p. Then Ufcew^* ^ s a countable subset of A meshing with 
M(p), and therefore defines a countable collection of (fixed) sequences from 
the original collection whose infimum is meshing with J\f(p) . 
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If A(-.#)jV(p) then Af(p) # A aeJ «)ne^ Each N G jV(p) is meshing 
with one of the sequences (x") n&; for a G J, so that the family {{x" : n G 
: a G J} clusters at p. Since p is tight, there is (ak)k€cu in J such that 
{{x% k : n G uj} : & G u} clusters at p. Then N{p) # /\ keu) (x% k ) neu; - □ 

From Theorem 1371 and Theorem 1381 we have the following improvement 
of Theorem 3.1 ] which states the equivalence between (1) and (2), but 
only for a countable space X. 

Corollary 39. The following are equivalent: 

(1) every point of X is tight; 

(2) X x iSijfwi is countably tight; 

(3) X x Y is countably tight for every Frechet space Y . 

By ^ Example 1.3], x is not countably tight. S incG is a. 
countable space, 5^ G Ff . As G Ff , we have Ff \ ker(Ff °) / 0. 
Hence, Ff / ker(Ff^) and Ff ^ ker(Ff °). 

In view of Theorem l38l and considering that F^ C ¥f, hence ker(Ff^) C 
ker(F^), we obtain: 

Corollary 40. Every productively countably tight point is a tight point. 

5.1.3. Absolute tightness. A notion related to tightness, productive tightness 
and tight points and introduced in [T] is that of absolute tightness. A point of 
a topological space X is absolutely tight if it is a point of countable tightness 
in a compactification of X. Absolute tightness can be characterized in a way 
that is similar to the characterization of productive tightness in Corollary 

ESI 

Theorem 41. Let X be a completely regular topological space and let x G X . 
The following are equivalent: 

(1) x is an absolutely tight point; 

(2) for any family \T a : a G 1} of filters such that /\ aeI T a # Mix) 
there exists (cti)^ in I such that Aiew^i ^M~(x); 

(3) for any family {U a : a G /} of ultrafilters such that /\ aeI U a #N(x) 
there exists (ai)i£ W in I such that /\ ieu) U ai #-A/"(x). 

Proof (1) (2). 

Let {T a : q G /} be a family of filters such that /\ aGl T a jfM{x). Since 
each T a = l\uep(T a )^ w ^ ere fti?) denotes the set of ultrafilters finer than 
J 7 , we have /\ aeI uep(F a )^ ft-^i 30 )- Let bX denote a compactification of 
X and let A = \J a£l Ue ^/ :Fa )lwa.bX^(- Let W G Afbx(x)- By regularity of 
bX, there exists V G M>x(x) such that cl b x V CW. Since V fl X G Afx(x), 
there exists a G I, U G /3(F) and C7 G U such that £/ C VOX. Then 
limfex^ C clbx V C W. Therefore, x G c\bx A. Since x is an absolutely 
tight point, there exist points a n in A such that x G clbx({a n '■ n G a;}). For 
each n, pick ZY n in U Q g/ ^(^a) such that a n G limfex^n, and pick a n such 
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that U n G P(T ari ). We claim that M(x) # Ane^-^an- Indeed, for each open 
B G J\fx{x), there is an open B\ G Nbx{%) such that B\ (1 X = B. There 
is an n G to such that a n G B\. Therefore, there exists U G U n such that 
U C B 1 n X = B. Hence M(x) # A n6a , W n so that M{x) # A n& ^n- 

(2) => (3) is obvious. 

(3) ==?■ (1). Let 6X denote a compactification of X and let A C 6X be 
such that x G ckjx A. Let £ Mx{x) be open. There is a 6X-open set 
V G Nbx{x) such that W = V D X. There exists o £ An V. We can find 
an ultrafilter lA a on X such that Xim^xUa = a. As V is open, there exists 
U G U a such that U C V CiX = W. Hence, f\ aeA U a # J\f X (x). By (3), 
there exists (a n ) nga , in ^4 such that f\ n&L0 U an #Nx(x). We claim that x G 
clbx{ a n : n G w}. Indeed, for each V G J\fbx{x), we can find Vi G Mbx{x) 
such that cl b x Vi C V. As X D V\ G A/x(z) and A6f 0*0 # Anew^on' tnere 
is an n such that (X n Vi) G W an . Now, a ra G cl^x V~i C V and x is an 
absolutely tight point. □ 

In view of Corollary I35[ we obtain: 

Corollary 42. An absolutely tight point is productively countably tight. 

The converse is not true in general. Indeed, as observed in pQ, a E-product 
of uncountably many copies of the discrete two point space {0, 1} (or of the 
real line) is an example of a productively countably tight space (all points 
of which are, in particular, tight points) which is not absolutely countably 
tight. However, the converse is true for countable spaces because every filter 
on a countable set is countably tight. More precisely: 

Proposition 43. Let X be a topological space. The following are equivalent: 

(1) X is productively countably tight; 

(2) X is steadily countably tight and every countable subset of X is pro- 
ductively countably tight; 

(3) X is steadily countably tight and every countable subset of X is ab- 
solutely tight. 

Proof. The equivalence between (1) and (2) follows from (1) -<=>■ (2) in 
Corollary 1351 Moreover, every filter on a countable set is countably tight, 
so that productive countable tightness and absolute tightness coincide on 
countable sets; and (2) -<=>■ (3) follows. □ 

4, Example 1] is an example under (CH) of a tight point which does 
not have countable absolute tightness. The space considered is countable, 
so that it provides an example of a tight point which is not productively 
countably tight. The associated filter is in ker(Ff °) \ ker(Ff <> ). It shows 
that, at least under (CH), the converse of Corollary 1401 is not true. 

5.2. Productively Frechet and Ko-bisequential spaces. In a reg- 
ular space X is called ^o-bisequential provided that u is in the frequency 
spectrum of X (by Theorem 3.6] and Corollary 1361 it means that X is 
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productively countably tight) and every countable subset of X is bisequen- 
tial ( 2 ). ^ Proposition 6.27] states that the product of an Ko-bisequential 
space with a strongly Frechet space is strongly Frechet. In view of Propo- 
sition |2HJ every Ho-bisequential space is productively Frechet. We can also 
give a direct proof of this fact by characterizing productive Frechetness in 
terms comparable to Ko-bisequentiality. 

Theorem 44. T G ¥ AA (X) if and only if J 7 £ ¥ A<> (X) and T V A G 
¥ AA (X) for every countable A C X such that A # J- . 

Proof. Suppose T G ¥ A<> (X) and T V A G ¥ AA for every countable iCX 
such that AffT. Let Q G F A and G # T. Since T G ¥ A<> (X), there is a 
countable set A such that A#Q\J T. Since J'Vi £ ¥ AA , and £ # ( T V A) , 
there is countably based filter C > Q V (JF V A) > Q V T. Thus, T A Q. 
Therefore, f GF^ A . 

The opposite implication is trivial. □ 

We now deduce 

Corollary 45. Proposition 6.27] //X is ^-bisequential, then X is pro- 
ductively Frechet. 

Proof. Let J- be neighborhood filter of a point in X. By Theorem 3.6 
], J* 7 G ker^f ) C Ff . In particular, T G Ff° C F A<> . Also, for every 
countable set A meshing T we have T \l A bisequential and hence in ¥ AA . 
So by Theorem M T G F £ A . □ 

There are models of set theory in which the converse of Corollary 23 is 
false |17j . It is unknown if there is a ZFC example of a productively Frechet 
space which is not ^o-bisequential. 

5.3. J-expandable presentations and kernels of O-polars. To apply 
Theorem |221 for a class J that is not stable under infima, we need to use 
general presentations of filters and not only infima as in Corollary 1341 Prac- 
tically speaking, to apply Theorem 1221 in such cases, we need to characterize 
J-expandability of a presentation. 

A crossing of a presentation 7 : / x J — > 2 X is a family {D p i : (p,l) G 
/ x K} such that for every f3 G J and I G K there exists a £ I such that 
7(0, 0) n D a ^ ^ 0. A crossing {D P)i : (p,l) G I X u) satisfying D p> i +1 C D p%l 
for every (p,l) 6/xu is called ui- decreasing. 

Lemma 46. A presentation 7 : / x J—>2 X is ¥ A -expandable if and only 
if for every uj-decreasing crossing {D p j : (p,l) G / x uj} of 7, there exist 
efc G X and a& G /, such that for every (3 G J and n £ to we have e^ G 
7(«fc,/3) n D ak ,n for all k sufficiently large. 

2 A filter .F is bisequential if for every filter Q ^ T there exists a countably based filter 
H, # G such that Ti > T . A topological space is bisequential if all its neighborhood filters 
are bisequential. 
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Proof. Suppose 7 : I x J — > X is not F^ -expandable. There is a decreasing 
countably based filter £ = {Ek}k£ui on X x I such that £ # 7* and there 
is no sequence (x n , a n ) > £ V 7*. Since £ # 7*, for every E J and k £ uj 
there is an a G I such that 

(2) 7(«,/5) x {«}n£ t ^ 0. 

For each k £ uj and a G I, let -Dq.^ = {x G X : (x, a) G -Efc}- By ©, 
: (a, fc) G J X cj} is a crossing of 7. It is u-decreasing because {Ek : 
k G uj} is decreasing. By way of contradiction, assume that there exist 
points ei £ X and G I, such that for every f3 G J and A; G cj we 
have e; G 7(a;,/3) n for all I sufficiently large. For each I G w let 

yi = {pi, a.{). We show that (yi)i£u> > 7* V £. Let f3 £ J and k £ uj. 
There is an 11 £ w such that e; G 7(0^, /3) D Da k ,k for all / > n. Now 

= (ej,a/) G (7(a;,/3)nD a;ifc ) x {aj = ( 7 (a/,/3) x {a^fl^ for all I > n. 
So, (yi)ieu) > 7* V £, contradicting our choice of £. 

Suppose 7 : Jx J — > 2 X is an F^-expandable presentation. Let {-Dfc jCf : (k, a) G 
w x J} be an w-decreasing crossing of 7. For each k G u; define £^ = 
{(a;, a): x G -D^a}. It is easily verified that (Ek)keuj is a countably based 
filter meshing with 7*. So, there exists (yk)w > (-Efc)w V7*. For each k let 
Cfc = ^xiUk) and afc = ^iillk)- Let /? G J and n G cj. There is a I G u; such 
that y^ £ E n n 7(a&,/3) x a fc for all k > I. So, e^ G D ak , n n 7(0^, /3) for all 
fc > L □ 

Lemma 47. ^4 presentation 7: Jx J-*2' !f is F{-expandaole i/ and onh/ i/ 
/or any crossing {D p ,l '■ {Pi € I x a;} 0/7, we may /md finite sets Ek C X 
and .f/fc C I, suca i/iai /or every [3 G J i/iere is k £ uj and a G -fffc suc/i £/iai 
we aawe £7. n 7(0, /?) n D a k ^ 0. 

Proof. Suppose 7 : 7 x J — > 2 X is not Fj-expandable. There is a countable 
collection of sets {Bk}k&w on X x / meshing with 7* such that for any 
selection of finite sets Gk Q -Bfc, Ufce^Cfc does not mesh with 7*. Since 
Bk # 7* , for every (3 £ J and k £ uj there is an a G I such that 

(3) 7 (a,/3) x{a}nS fc ^0. 

For each k £ uj and a G I let -D Q ,fc = {x G X : (x,a) G By ©, it 

is a crossing of 7. By way of contradiction, assume that there exist finite 
sets Ek £ X and £ I, such that for every [3 £ J there is a k £ uj 
and a a £ such that Ek n 7(0, /3) n -D a & 7^ 0. For each k £ uj let 
Cfc = {(x,a): a £ and x G H -E^}. Notice that Gk is a finite 

subset of Bk- Let (3 £ J . There is a k £ uj and an a £ Hk such that 
E k n 7 (a, 0) n D Q , fc / 0. Now G k D ( 7 (a, /3) X {a,}) ^ 0. So, U fcew G fc # 7*, 
contradicting our choice of {B k }k- 

Suppose that 7 is F{-expandable. Let {D a ^ ■ (a, k) £ I x a;} be a crossing 
of 7. For each k £ uj define B k = {(x,a): x £ D a ^}. It is easily verified 
that Bk # 7* for every k £ uj. So, there exist finite sets Gk C .B/% such that 
Ufce^Gfe # 7*- For eacri ^ let ^fc = i^x[Gk) and iJ fc = 7T/(Gfe). Let (3 £ J. 
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There is a k E u> and an a E I such that Gk H (7(0;, /?) x {a}) 7^ 0. Let 
(x,a) E Gfc n (7(0:,/?) x {a}). Notice that a E and x E E^. Thus, 
Ek n D Qj fc (7 7(0, (3) 7^ for some a E □ 

Lemma Hfil combined with Theorem 1331 leads to: 

Theorem 48. The following are equivalent for a filter J- E ¥(X). 

(1) T E ker(F^); 

(2) T E F^ and A V J 7 E ker(F^) /or a// countable set A meshing 
with T ; 

(3) /or every ■presentation 7 : / x J —>2 X for which there exists points 
ek in X and indices E / such that for every (3 E J and every 
n E u) we have ek E 7(0, (3) (7 D akiTl for all k sufficiently large, 
whenever {D p i: (p,l) E I x u} is an uo-decreasing crossing 0/7: 
*/ 7* # F > then there exists a countable subset C of I such that 
{U ae c7(«,/3):/3G«/}#-^. 

Theorem @H] gives a concrete characterization of the second property in 
the following instance of Corollary 1301 

Corollary 49. The following are equivalent for a topological space X. 

(1) the product of X with every strongly Frechet space is countably tight; 

(2) X is keriF^) -based. 

Lemma H71 combined with Theorem 1331 leads to: 
Theorem 50. The following are equivalent for a filter J 7 E ¥(X). 

(1) ^Eker(F^). 

(2) T E F{^ and A V T E ker(F^) for all countable set A meshing with 

(3) for any presentation 7 : I x J ^2 X for which there exist finite sets 
Ek Q X and Hk Q I, such that for every (3 E J there is k E to and 
a E Hk verifying Ek Pi 7(0, (3) D D a> k 7^ whenever {D Pt i : (p, /) E 
I x lu} is a crossing 0/7: i/7* # JF, t/ien i/iere zs a countable subset 
C of I such that {Qaec 7(«. /?) : f3 £ J} # J 7 . 

Theorem [SU] gives a concrete characterization of the second property in 
the following instance of Corollary 1301 

Corollary 51. The following are equivalent for a topological space X . 

(1) the product of X with every countably fan-tight space is countably 
tight; 

(2) X is ker(F t 1 ° )-based. 

Characterizing kernels of j-polars internally seems to require even more 
machinery. While we do not have concrete characterizations of these kernels, 
we can give some information (in the next section) on how they relate to 
kernels of <0-polars that we have characterized before. 
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6. Inclusions 
Theorem 52. ker(Ff °) C ker(F^) 

Proof. Let F G ker(Ff °) on X, Y be a set, and A C I x 7. We show 
that AFgF^(Y), using Lemma El Let Q G F w (Y) and £> = {-Bfc}fe ea; be a 
countably based filter such that -Bfc # (<7 V AT 7 ) for every k £ u. 

Fix F £ J 7 . Since £ F^ (Y) and <7 # (AF VB), we may find a sequence 
(Uk)keui sucn tnat (Vk)k£oj > AF V <? and G F fc for every k € uj. For 
each € w define G F so that (x^,y^) G A. 

Since J 7 G ker(F^) on X, and J 7 # /\F£j?( x k)kewi we ma y find. {F n : G 
a;} C F such that F # Ane^k")^- 

For every A; G w let T k = {y k n ■ n < k}. Notice that T k C F& and is 
finite for all k G u. Let F G F and G € Q. There is an n G a; such that 
( x k n )keu> # F. Since {y k n )keui > Q and xf n G F for infinitely many k G w, 
there is a p > n such that x^ n G F and y^ n G G. Hence, G AF n G. 
Since n < p, we have T p n AF n G / 0. So, U fce ^ T k # (G V AT). Thus, 
AFgF^(Y). □ 



This improves significantly Proposition 2.1] that states the weaker 
inclusion ker(F^) C Fj in topological terms (i.e., every tight point has 
countable fan-tightness) under the assumption of T\. 

Corollary 53. The product of a space whose every point is tight with a 
strongly Frechet space has countable fan-tightness. 

Theorem 54. ker(Ff <> ) C ker(F t 1 t ). 

Proof. Let F G ker(Ff <> ) on X, Y be a set, and A C X x Y. We show that 
AF G F| f (Y). Let Q G F\(Y) and £ = {F fe } fcea , be a countably based filter 
such that Bk # (<7 V AF) for every fe G u. 

Fix F G F. Since G Fj(Y) and £ # (AF VB), we may find finite 
sets Gf C B k n AF such that {\J k>n C k ) # AF V Q for every n G u. Let 

ft F = (U fc > n Gf ) n£uJ V 0. In view of Corollary EJ ft F G F\(Y). Define a 
function / F : \J keuj Gf ^F such that fa and define Q F = f F (H F ). 

Since F G ker(Ff °) on X, Q F G if for all F G F, and T#f\ F( , T Q F , we 
may find {F n : £w}Cjf such that F # Anew ^F n ■ 

For every G u> let Xfc = {J{C Fn : n < k}. Notice that T k C B k and T k 
is finite for all k G a;. Let F G F and G € Q. There is an n 6 w such that 
£ Fn # F. Thus, / F " [G n U fc >„ Cjf"] PI F 0. So, there is a fc > n such 

that / F " [G n Cjf n ] n F / 0. Since / F " C A, we have G n Gf n AF ^ 0. So, 
Ueu, Tfc #(6V AF). Thus, AF G F^Y). □ 
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[21 Theorem 5] proves the much weaker inclusion ker(Ff ^) C F| in topo- 
logical terms (i.e., if the product of X with every space of countable tight- 
ness has countable tightness, then X has countable fan-tightness) among 
Tychonoff spaces. From the theorem above, we conclude: 

Corollary 55. If X is productively countably tight (in particular if it has 
countable absolute tightness), then its product with every space of countable 
fan-tightness has countable fan-tightness. 

This result generalizes Corollary 6] that states the same conclusion 
(among regular spaces) under the assumption that X is a compact space of 
countable tightness, which, of course, implies that X has countable absolute 
tightness. 



By definition, C Ff °, so that ker(Ff <> ) C ker(Ff <> ). By Theo- 

C w{ C Ff . All 



rem 1^ ker(Ff^) C f{. Therefore, ker(Ff <> ) C ker(Ff^) C f| 
these inclusions are strict in general. For instance, € Ff \ f|. More- 
over, we already have observed that [3J Example 1] shows that ker(Ff ^) \ 
ker(Ff <> ) / under (CH). Finally, [H Example 3] is a ZFC example of a 
point of countable fan-tightness which is not tight. The neighborhood filter 
is in f{ \ ker(F^). Generally, we have the following picture showing the 
containments that we know. 



AA 




Ft 



Ff 



Theorem 2.3] states that in a regular countably compact space, points 
of countable tightness are tight. This result can be stated at the level of 
filters via (jlj. If X is a topological space, we denote by 0x the class of 
filters admitting a base composed of open sets and by K,^ the class of filters 
admitting a base of countably compact sets. The result quoted above follows 
from 

(4) /c w n0nker(Ff°) = /c w n0nFf, 

by considering neighborhood filters. 

We show that the coincidence of these classes is true not only for filters 
of JC U , but for the broader class of strongly (/-regular filters. A filter T is 
strongly q-regular if for every F E T, there exists a sequence {Qn)n&u in F 
such that adhj^AiGa/^nWu,) whenever Aigo,( x n)n&; # {Qn)neu- 
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Let Q u denote the class of strongly (/-regular niters. We say that a point is 
strongly (/-regular if its neighborhood filter is strongly (/-regular. 

This notion is a little bit stronger than that of a (/-regular point in the 
sense of ^Hj, which is a variant of a regular (/-point in the sense of [22]. All 
points of countable character and all points of a regular locally countably 
compact space are strongly (/-regular. Proposition 13] gives an example 
of a non first-countable and non locally countably compact strongly (/-regular 
space. 

Theorem 56. 

S,n0n ker(Ff 0) = Q w n n f? . 

Proof. Let T G Q u n n ¥f . For every F G T there exists (Qn)n^ 
witnessing the definition of a strongly (/-regular filter. Let Aae/( x fc )feew 
In particular, Aae/( x fc # On f° r every n G u; and F £ J 7 . Thus, there 
exists (x^"' F )keu;#Qn- Hence /\ neLU (x^ n ' F ) keuj # (Q^) neLU . Therefore, there 
exists x F G F n adh A ng J^ n ' F ) fc&J . Now {i f :Fef}#f andfe if, 
so that there exists a sequence (Fj)j gcJ in J 7 such that {x^ : i 6 w} # J 7 . 
Then Anew je^( x fc™ )to Indeed, for every open U & there exists 

i £ w such that G J7. But G adh AneuO^fc™^ )kew As C/ is open, 



The following generalizes Theorem 2.3]: 

Corollary 57. ^4 strongly q-regular point of countable tightness is tight. 

A filter J- is called regularly of pointwise countable type if for every F G 
there exists a sequence (Qn)neu m ^ such that adhx Tt Pi F ^ whenever 
W # (Qn)nem- Let Q denote the class of regularly of pointwise countable 
type filters. 

Adapting the proof of Theorem and letting A stand for the class of 
absolutely countably tight titers, we get: 

Theorem 58. 



Notice that a regular point of pointwise countable type in the sense of 
|22| has a neighborhood filter in Q. 

Corollary 59. A point of pointwise countable type and of countable tight- 
ness of a completely regular space is absolutely countably tight. 

Combined with Corollary I55[ we obtain another improvement of Corol- 
lary 6]: 




□ 



Qn0nA=Qn0n ker(Ff O) = Q n n Ff . 



Corollary 60. If X is regular, of pointwise countable type and of countable 
tightness, then its product with every space of countable fan-tightness has 
countable fan-tightness. 
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Corollary has other interesting consequences. For instance, it can 
be combined with Arhangel'skii 's theorem [HI Theorem 1] stating that a 
topological group with an everywhere dense subset of countable absolute 
tightness is metrizable to the effect that 

Theorem 61. If a (completely regular) topological group has an everywhere 
dense subset that has countable tightness and is of pointwise countable type, 
then this group is metrizable. 
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